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Thermally Induced Bending Vibrations of a Flexible
Rolled-Up Solar Array

Earl A. Thornton* and Yool A. Kimt
University of Virginia, Charlottesville, Virginia 22903

An analytical approach for determining the thermal-structural response of a flexible rolled-up solar array due
to a sudden increase in external heating is developed. Two analyses are presented: 1) an uncoupled thermal-struc-
tural analysis that assumes the heating and temperature gradients are not affected by thermally induced motions,
and 2) a coupled thermal-structural analysis that includes the effects of structural deformations on heating and
temperature gradients. The analytical methods identify key parameters for understanding the static and dynamic
response. A stability criterion given in nondimensional parameters establishes the conditions for thermal flutter.
Key parameters for thermal flutter include the ratio of thermal and structural response times, the solar
inclination angle, and the system damping. Numerical calculations are presented for the solar arrays on the
Hubble Space Telescope. Unstable oscillations are possible but are unlikely to have practical importance.

Nomenclature

= boom cross sectional area, m>

= half spreader bar width, m

= half solar blanket width, m

= boom specific heat, J/kg-K

= boom modulus of elasticity, N/m?

= boom bending stiffness, N-m?

= solar blanket tension, N/m

= boom quasistatic shape, see Eq. (16), 1/N
= solar blanket quasistatic shape, see Eq. (16), 1/N
= boom wall thickness, m

= boom thermal conductivity, W/m-K

= solar array length, m

= spreader bar mass, kg

= thermal moment, N-m

= boom axial compressive force, N

= buckling force, N

= boom radius, m

= mass distribution, kg/m

= solar heat flux, W/m?

T = temperature, K
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T = perturbation temperature, K

Ty = initial temperature, K

T* = steady-state perturbation temperature, K
T = average temperature, K

Tss = steady-state average temperature, K

w = displacement in z direction, m

X, ¥,z =solar array coordinates

o = boom absorptivity

aT = boom coefficient of thermal expansion, m/m/K
€ = boom emissivity

0 = solar incident angle, rad

o = boom density, kg/m?

I = Stefan-Boltzmann constant, w/m?-K*

b = solar blanket mass per unit area, kg/m?
= thermal response time, s

= boom eigenfunction, m

= solar blanket eigenfunction, m

= solar array natural frequency, rad/s
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Subscripts

b = boom

Qs = quasistatic

s = spreader bar
sb = solar blanket

Introduction

HERMALLY induced vibrations of spacecraft ap-

pendages have been a recurrent problem for over 25
years. The vibrations typically occur on very low frequency
booms or solar arrays due to sudden temperature changes at
day-night or night-day transitions in the orbit. Sudden heating
changes on a surface of an appendage may induce temperature
gradients that generate time-dependent bending moments that

-deform the structure. The appendage motion typically-can be

resolved into two components: 1) a relatively large-amplitude,
slowly developing quasistatic motion, and 2) a superimposed
transient vibratory motion consisting of contributions from
one or more appendage vibration modes. Since the spacecraft
experiences no external forces or moments due to temperature
changes, linear and angular momenta are conserved. Thus,
because of an appendage deformation, the entire spacecraft
dynamically responds with motions about the system mass
center. These latter motions may degrade system operations
by either undesirable displacements or unexpected accelera-
tions. A recent paper by Thornton and Foster! traces the
history of thermally induced spacecraft vibrations, discusses
past research efforts, and illustrates stable and unstable vibra-
tions.

Unstable vibrations are possible due to the interaction be-
tween structural deformations and incident heating. The de-
formation-heating coupling, sometimes called thermal flutter,
may generate vibrations of increasing amplitudes that, in fact,
have caused spacecraft to experience such large motions that
they were unable to complete their intended missions. In the
1960s several satellites in the Orbiting Geophysical Observato-
ries (OGO) series experienced such failures; see Ref. 1. Subse-
quently, several analysts (e.g., Refs. 2-4) studied the thermal
flutter problem, and stability criteria were established for
booms with thermally induced bending and/or torsional vi-
brations. Although stability criteria have been established for
single booms modeled as beams, there have been very few
published studies of thermally induced vibrations and flutter
of more complex systems such as solar arrays. The purpose of
this paper is to present an investigation of thermally induced
vibrations and flutter of a flexible rolled-up solar array
(FRUSA). The FRUSA concept is used for the Hubble Space
Telescope (HST) solar arrays.
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Fig. 1  Hubble Space Telescope.

The Hubble Space Telescope was launched into orbit from
the Kennedy Space Center aboard the Space Shuttle Discovery
on April 24, 1990. The successful deployment from the Dis-
covery payload bay occurred one day later. The initial in-orbit
checkout of spacecraft subsystems, including the discovery of
the primary mirror spherical aberration, is described by Poli-
dan.’ During this early period another significant, long-term
spacecraft problem was discovered: a pointing ‘‘jitter’’ in-
duced by the thermally driven bending of the solar arrays. The
solar arrays (Fig. 1) developed by the European Space Agency
are the FRUSA concept designed by the Hughes Aircraft
Company.

An investigation of the thermally induced solar array prob-
lem conducted at NASA Marshall Space Flight Center is de-
scribed by Foster et al.® Pointing system data are used to
develop histories of the angular motions about body-fixed
coordinate axes. These histories show large-amplitude angular

~disturbances at the night-day and day-night transitions, fol-
lowed in each case by a series of smaller disturbances. The
pointing disruptions associated with these disturbances are of
sufficient magnitude to compromise many of the science goals
of the Hubble Space Telescope. A detailed investigation of
possible excitation sources and analytical modeling of the
transitional disturbance was:conducted. The conclusions were
that the transitional disturbances are caused primarily by ther-
mal gradients experienced by the spacecraft booms. The series
of smaller disturbances that occur between the transitional
disturbances are attributed to stick/slip frictional effects in the
FRUSA tensioning mechanisms.

This paper focuses on analysis of the thermal-structural
response of a FRUSA for a typical night-day transition. Ana-
Iytical models are used to investigate uncoupled and coupled
thermal-structural dynamic responses. The study of the cou-
pled thermal-structural response establishes a criterion for
thermal flutter. Numerical results are presented for the HST
solar arrays and related designs.

FRUSA Model
The HST solar array in-orbit configuration (Fig. 1) consists
of two identical wings. Each wing has two flexible solar blan-
kets that are deployed from a drum mounted on a shaft

cantilevered from the spacecraft. Before deployment, the

blankets and booms are furled in the drum. Each solar blanket
is deployed by a rotating actuator mechanism that pushes the
two rolled-up two-element storable tubular extendable mem-
ber (BISTEM) booms from the drum. The BISTEM booms
are connected at their deployed end by a spreadeér bar to which

the solar blanket is attached. A BISTEM is made from thin
stainless steel tapes formed into circular cross sections that are
flattened and stored on spools within the drum mechanism.
The stored tapes resemble a carpenter’s steel tape except that,
when the two tapes are deployed, they nest to form a circular
cross section as shown in Fig. 1. The storage drum houses a
torque mechanism that maintains blanket tension. The
spreader bar houses a mechanism that compensates for slight
differences in boom lengths. Thus, during orbital operations,
the solar blanket experiences temsion, and each BISTEM
boom experiences compression. : -

The mathematical model and coordinate system employed
in subsequent analyses are shown in Fig. 2. The model as-
sumes 1) symmetric solar heating occurs with the solar vector
parallel to the x-z plane (only flexural motions without torsion
may. occur); 2) the solar blanket is a membrane subjected to
uniform tension in the x direction (the membrane tensile force
F., (per unit length) is assumed constant, and the membrane
may experience transverse deflection that varies in the x direc-
tion, but the deformation does not vary in the y direction); 3)
the right and left BISTEM booms are identical cantilevered
beams, each subjected to an axial compressive force P; 4) the
spreader bar is a rigid member of length 2b and supports the
membrane tensile forces Fy over a length 2b’; 5) the solar
blanket is inextensible (solar blanket thermal expansions or
contractions are neglected); and 6) the BISTEM booms are
one piece, thin-walled circular tubes for determination of their
temperature distributions. Equilibrium of forces on the
spreader bar in the x direction requires that P = b'F,. Based
on these basic assumptions, analytical models will be devel-
oped for thermal and structural analyses.

solar blanket

left boom— /
Fig.2 Model of solar array.
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Uncoupled Thermal-Structural Analyses

In uncoupled thermal-structural analyses, temperatures are
computed assuming that structural motions do not affect inci-
dent, absorbed heat fluxes. That is, the temperature distribu-
tion in a boom is assumed independent of structural deforma-
tions. This assumption is consistent with classical heat transfer
that assumes that mechanical systems are rigid bodies for the
purpose of writing the energy conservation -equation.” The
thermal analysis to be presented follows the approach em-
ployed previously in Refs. 3 and 4.

Thermal Analysis

The thermal model of a boom is shown in Fig. 3. The boom
is subjected to an incident solar heat flux S, that is assumed to
vary as a step function with time. Thus, for time 7 <0, the
incident flux is zero, and for ¢ = 0, the incident flux has a
constant value of Sp. Earth emitted and reflected radiation
heat fluxes are neglected. Thermal energy losses at the
cantilevered support at x = 0 are neglected. Since the heat flux
8o does not vary along the tube length, the temperature distri-
bution at every cross section is the same. The tube wall thick-
ness A is assumed small in comparison with the tube radius R,
h < R, and the temperature is assumed constant through the
tube wall thickness. Thus the temperature T varies only with
the angular coordinate ¢ and time ¢, T(¢, ¢). Thermal energy
is emitted from the tube’s external surface, assuming diffuse
radiation, but internal radiation within the tube is neglected.
All thermal properties are assumed constant. With ‘these as-
sumptions, conservation of energy yields

2
%—#%+%T“=%Bcos¢ ¢))
The parameter 8 is employed to indicate that only one side of
the tube is heated,
§=1 —w/2<p<n/2
=0 7/2<p<3n/2"

The initial condition is T(¢, 0) = Ty, and the only boundary
condition is that the temperature distribution is symmetrical
about the x-z plane, T(¢, t) = T(— ¢, 1).

To solve Eq. (1), three approximations are used. First, the

temperature 7(¢, ¢) is approximated as the sum of an average

Z
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b) idealized boom cross section

Fig.3 Uncoupled thermal model of solar array boom.

temperature 7(¢) and a perturbation temperature T (b, t)cos
¢ that varies from the front face to the back face of the boom,

T(9, t) = T(t) + Tn(t)cos ¢ )
Second, the amplitude of the perturbation temperature is as-
sumed to be small in comparison with the average tube tem-
perature,

T./T<1

Third, the incident heat flux distribution is expanded as a
Fourier series neglecting higher order terms,

dcosp=(1/7)+ Y2 cos ¢

With these approximations, Eq. (2), when substituted into Eq.
(1), yields two uncoupled ordinary differential equations,

d7 e ., 1 aS,
— g — T4 — e —
dt  pch 7« pch (32)
a7, k 40¢ 1 a8,
— + — D), =-—
dt (pch + pch > ™ 2 pch (30)

with initial conditions T7(0) = Ty, and T,(0) = 0. At radiation
equilibrium, Eq. (3a) shows that the steady-state average tube

temperature is
- 1 aS\*
Ty = <~ —°> @
T o€

Equation (3a) can be integréted directly by separation of vari-
ables. After imposing the initial condition the result may be
written as

1 [ (Ts — DT + Ty)

T T
+2tan-1=2 2 tan“-:—]

4T3 (T + DT — To) T T
+t=0 )
pch

Equation (5) is a transcendental equation that implicitly de-
fines 7(¢). To compute the average temperature for a given ¢,
the equation is solved numerically.

The perturbation temperature 7, cannot be obtained ana-
Iytically because of the presence of the term 77 on the left-
hand side of Eq. (3b). However, numerical studies show that
this term may be assumed constant for some tubes. Assuming
that 7% may be approximated as T3 produces a linear differen-
tial equation that may be written as

a7, 1 1 &S

Y 6
dt 7" 2peh ©a).
where
1 k  4oeTS
1__k | 6b
T pcR?2 pch (6b)

The solution for the perturbation temperature may then be
written as

Tm = T*(l —_ e—t/'r) . (7a)
where
1 OlSo
* = — 0 7b
2 ok T (7b)

The temperature T* is the steady-state value of the perturba-
tion temperature,

The temperature distribution at a boom cross section can be
evaluated from Eq. (2) using the average temperature 7(f)
from Eq. (5), and the perturbation temperature 7, (f) from
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Eq. (7). The T,,(t)cos ¢ term in Eq. (2) represents the tube
temperature gradient from the heated to the unheated side.
This temperature gradient induces a thermal bending moment
that causes a boom to bend.

Structural Analysis

The structural analysis is performed using equations of
motion for the booms, the solar blanket, and the spreader bar.
The equations are solved subject to boundary conditions at the
cantilevered support and interface conditions at the spreader
bar. As a result of symmetry, the two booms’ motions are
synchronous, and only one boom needs to be considered.

The equation of motion for a boom is

aZWb
+ pA =0
LahliF YD

PMr
ax?

9 Wp

64Wb
+P
ax?

ETI
x4

(8a)

where w;, is the boom deflection, I is the cross-sectional mo-
ment of inertia, and M is defined by

My = j EarATz dA (8b)
A

where aris the coefficient of thermal expansion, and AT (¢, 1)
denotes a beam’s cross-sectional temperature gradient. The
equation of motion of the solar blanket is

aZst
ar?

32 Wsp
¥ ax?

®

= Osh

where wg;, (x, t) is the solar blanket deflection. The equation of
motion of the spreader bar is

b d2w
2Vy(L, t) + S dr 2 (10a)
—b’
where V3 is the boom shear force defined by
83wb aw,, M. T :
Vy;= —E[— - p—2 - —1
z= ax? x ax (100)

In Eq. (10a), w(?) is the spreader bar deflection, and M, is the
spreader bar mass.
The boom boundary conditions are

Cwp(0, 1) =0
Bwb
ox 0D (11a)
My(L, ) =0
¢
where M, is the boom bending moment defined by
3 Wp
M, = — EI - M.
& P T (11b)
The solar blanket bdundary conditions are
Wwe (0, 1) =0
(11¢)

War (L, 1) = Wp(L, 1) = wy(?)

The initial conditions are that the displacements and velocities
at ¢t =0 are zero. Equations (8-11) formulate the thermal-
structural boundary/initial value problem. The solution is
described in terms of: 1) the buckling modes, 2) the free
vibration frequencies and modes, and 3) a modal expansion
for the dynamic response.

Boom Buckling

Since the booms are subjected to compressive forces P,
buckling may occur. Critical buckling modes are determined
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by solving Eq. (8a) subject to the boom boundary conditions
assuming static behavior and neglecting thermal effects. The
result is

m2El
L 2

e =1 n=1,2,3,... 12)

where P, denotes Euler buckling loads. The result is identical
to that of a pinned-end beam column. This agreement occurs
because the line of action of the compressive force P passes
through the end supports of the boom as in the case of a
simply supported beam.

Vibration Modes
Vibration frequencies and mode shapes are determined by

solving Eqgs. (8-10) subject to the boundary conditions assum-
ing harmonic motion and neglecting thermal effects. Assum-
ing

w-,, = ¢(x)sin wt

Wep = Y(x)sin wt

where ¢(x) and ¥(x) are the eigenfunctions, the analysis yields

D D, 6
d(x) = 171 sin 8x — cos éx — Bl - sinh ex + cosh ex (13a)

2 2 €
Osh ‘ . Jsb
= i — — 13b
Y(x) = &(L )sm< f F. wx) / sm( F. wL) (13b)
where
D, = 6%cos 8L + e’cosh eL
(13¢)
D, = 8%in 8L + de sinh eL
and
P 4pA W?ET\" o
6= 1+———] +1
{m[( TP >
(13d)

P 4pA PET\" }/
=]— lalsbedbsiol I |
€ {2151[(“ P2 )

For free vibrations the frequency equation is derived by substi-
tuting Egs. (13) into Eqgs. (10),

EI$" (L) + P¢'(L) — Py’ (L) + iM?$(L) =0  (14)
where a prime superscript denotes differentiation with respect

to x. For a given column force P, Eq. (14) is solved numeri-
cally to obtain the natural frequencies.

. Dyhamic Response

A modal analysis procedure for determining thermally in-
duced vibrations of a beam was developed originally in Ref. 7.
The same basic approach is followed here for the solar array,
but details differ and a more complex orthogonality condition
is required. The thermally induced dynamic response can be
viewed as the sum of a quasistatic deflection of the array and
vibrations about the quasistatic deflection. The response for a

boom or solar blanket can be written as
wx, t) = wos(x, 1) + W(x, t) (15)
. where wy; is the quasistatic response, and W is the vibration
response. The quasistatic responses for a boom and the solar
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blanket are represented as
Wpos (x, 1) = Mr()f(x)
Wepgs (X, 1) = MT(t)g(x)

where M7(¢) is the thermal moment, and f(x) and g (x) are the
quasistatic deflected shapes. From Eq. (8b) the thermal mo-
ment may be evaluated using the temperature gradient term
from Eq. (2). With these substitutions, the integral is evalu-
ated over the tube cross section shown in Fig. (3). Thus

ElarT,(t)

R an

Mr(t) =

where for a thin tube I = whR3, and T,,(¢) is given by Eq. (7).
Note that, due to sudden boom heating, the thermal bending
moment monotonically increases, approaching a steady-state
value for large values of time.

For the quasistatic response, the inertia forces in the equa-
tions of motion, Egs. (8-10), are neglected. ‘Solving these
equations with the boundary conditions yields .

L Mr(@) (cos AL — 1)
Wags (X, t) =—>p [cos Ax -1+ Ten ML L
X (A\x ~ sin )\x)] (18a)
where \2 = P/EI and
Mr(t)| NMcos AL — 1)
Wspos(X, 2) = P [ s ] (18b)

Since the thermal moment monotonically increases to a
steady-state value, the quasistatic deflections do likewise. The
steady-state deflected positions of the booms and solar blan-
ket are maintained as long as the solar flux is applied.

Modal expansions of the quasistatic response are used to
obtain the dynamic response. The functions of x defined by
Eqgs. (16) and (18) are represented by

)

Jx)= E an¢n(x)

(19a)

o

gx)= X an¥n(x)

(19b)

where ¢,(x) and y,(x) are the eigenfunctions given in Egs.
(13). The coefficients are evaluated using the orthogonality
condition

L 4
S Iy (X)n(X)bm (x) dx +j Fsp (X)Wm (X )n(x) dx =0
0 | 0 20)
m#n

where the weighting functions r,(x) and ry(x) are the mass
distributions for the booms and solar blankets, respectively,

rp(x) =pA + VaM6(x — L)
rs(x) = ogb’
where 6(x — L) =0for0<x<L,andé(x — L)=1forx =L.

With the orthogonality condition, the coefficients of the ex-
pansions a, can be evaluated in the usual way:

. , o
ij on(¥)f (x) dx + b ’Gst
' Jo 0
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(6) |

The expression for a, shows that all elements of the solar
array, i.e., the boom, the solar blanket, and the spreader bar,

-affect the modal expansion of the quasistatic shapes. The

dynamic response of a boom is then represented, based on
Egs. (15) and (16), as

wy(x, 1) = Mr(l‘)ng1 andn(x) + {:l & ()T, (1)

and the time functions 7,(f) are evaluated using standard
separation of variable techniques. The solar blanket deflection
is represented similarly. The final solutions for the dynamic
response are

" arT*EI @y dn(X)

wy(x, t) = MT(t)f(x)+ "R nzz:l T+ 3, 2T ) (Q1a)
T*EI & apy,
W, 1) = Mr(Dg @) + == T T f 2")2 T,() (21b)

where a new time function has been introduced defined by

T,(t)=e """ — w,7 sin w,t — cOs w,t (22)
As mentioned previously, the dynamic response consists of the
nonoscillatory quasistatic response represented by .the first
term in Eq. (21) plus the vibratory response represented by the
second term. In this analysis, damping has been neglected so
that the vibratory terms persist for large time. If damping were
included, the vibratory terms diminish with increasing time so
that the solar array deflected shape would approach the qua-
sistatic shape. A key parameter that determines the relative
magnitude of thermally induced vibrations is the product w, 7.
From Egs. (6) and (7), 7 can be seen as a measure of the
thermal response time. Writing w, in terms of a modal natural
period shows that w,7 represents the ratio of the thermal
response time to the structural response time. When w, 7 is of
the order of umty, thermally induced oscillations become
large.

- Coupled Thermal-Structural Analyses
In the preceding: section uncoupled thermal-structural
analyses ‘were presented based on the assumption that the
absorbed heat flux was not affected by the boom’s deforma-
tions. In this section the effect of the boom’s deformation is
taken into account, and the thermal—structural analyses are
coupled.

Thermal Analysis

A deformed boom with the incident heat flux vector S, is
shown in Fig. 4. To provide generality, the heat flux vector is
inclined to the vertical by the angle 6. In writing the energy
conservation equation, the heat flux absorbed by the tube is
the component normal to the surface. Because of bending, a
normal to the beam surface has rotated through a small angle .
equal to the beam slope. Thus the incident normal heat flux to
the surface varies with x along the beam and can be expressed

by . ,
S Socos <6 - 2—”—}’3>
ax

Then the conservation of energy equation, Eq. (1), becomes

aWb
<0 - E) 24

@3)

aT
ot

pCcR? 3¢

o€ aSy
4= 2205 cos ¢ cos

pch och

L

¥n(¥)g(x) dx + (M;/2)$n(L)f(L)

a, = 1

]

0

7(x) dx + b '%S

L

0

Va(x) dx + (M,/2)3(L)
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Fig. 4 Heat flux for coupled thermal-structural analysis.

Because the absorbed energy depends on the beam slope, the
temperature varies along the beam length. The approximate
solution for the temperature, Eq. (2), now takes the form

T(x, ¢, )= T(x, t) + Tp(x, t)cos ¢ 25)

where all temperatures depend on x. Proceeding with the same
approximations as before produces two similar differential
equations,

T e _ 1 a8y awy,
T e 2 _ 9%
at  pch T pch cos <0 8x> (262)

Ty 1, _laS s<0 aw,,>

- = -

a 7" 2pch

At steady state, the incident heat flux approaches a constant
value that is approximated by neglecting the boom slope. The
steady-state average temperature is then found from Eq. (26a)

as

- | A 6\*

Tss - <_ 0COS ) (27)
™ (3

(26b)

An approximate perturbation temperature function was ob-

tained previously by assuming 7 to be constant; see Eq. (6b). "

Based on this assumption, Eq. (26b) can be solved to yield

~t/rpx [f d
T, )= j eP/Tcos<0 - ﬂ) dp (28)
T 0 ox

The thermal moment can then be obtained from Eq. (8b),

EloT* _, S’
—_— T
Rt 0

My(x, 1) = ep/’cos<0 - %) dp (29

Structural Analysis

The thermal-structural boundary/initial value problem was
formulated in Egs. (8-11). Because of the dependence of the
thermal moment on the beam slope that appears in the inte-
grand of Eq. (29), a modal representation of the response
could not be obtained. Instead, an approximate solution based
on the method of weighted residuals (MWR) was developed.

Approximate Solution

The solutions for the boom deflection and the solar blanket
are taken in the form

wp(x, 1) = Npy()U(t)
(30)
wo (X, 1) = Np(x)U(2)

where the approximating functions N, and N, are assumed to
satisfy the conditions

Ny(0)=0
Ny(0)=0
Ny (0) =0

Ngp(L) = Np(L)

These functions are nondimensional to allow.the time function
U(¢) to represent the deflection of the array end as a function
of time. The method of weighted residuals is based on

L
j R(x, ) W(x)dx =0 @31
0

where R (x, t) is the residual from substituting an approximate
solution such as Eq. (30) in a differential equation, and W(x)
is a weighting function. Using Galerkin’s form of MWR, the
weighting functions are selected as the approximating func-
tions. Thus, for the boom, Eq. (8a) can be written as

L 3w, _Pw, My 8w,

g (EI et +P > + + pA Np(x) dx =0 (32a)

0 x? ar?

and for the solar blanket, Eq. (9) becomes

L “2 2 .
S (F w9 WSb>Nsb(x) dx =0 (32b)

o \© ax? ar?

The balance of the MWR solution consists of: 1) integrating
the spatial derivatives by parts, 2) introducing the boundary
conditions, and 3) introducing the approximations for w, and
wg, from Eq. (30). The result is an ordinary differential equa-
tion for the unknown function U(?),

U + iU = F(t)/M (33a)

where w is an approximation to the first mode natural fre-
quency

wo = VE/M (33b).

and

L L L «
K= EIS Wy dx — PS (Ny)* dx + PS (N)? dx (33¢)
0 0 0

L L

NZdx + as;,X N dx + BMNE(L)  (33d)

M=pA§
0

0
L

F@) = —S Ny Mr(x, t) dx (33¢)
0

where K, M, and F are the stiffness, mass, and force, respec-
tively, for the equivalent single degree of freedom (SDOF)
system defined by Eq. (33a). The equivalent SDOF remains
difficult to solve analytically because the thermal moment
appearing in Eq. (33¢) contains the unknown function U(¢)
inside of an integral as shown in Eq. (29). However, with
Laplace transforms, a solution may be obtained. First, the
stability of the solution will be investigated and a stability
criterion established.

Stability Criterion

The stability of the dynamic response is determined by
obtaining the Laplace transform of the differential equation
of motion and applying the Routh-Hurwitz criterion. With
damping and substitution for the thermal moment using Eq.
(29), the equation of motion becomes

U + 2fwoU + U = F(t)/M (34a)

—Ela;T* Lyt
F(t)= —ar—e —Ur Ny (x)eP"cos| 6 — %> dp (34b)
R T 0J0 ax

where { is the damping ratio. Because of the coupling between
the structural and the thermal response, which is represented
by the cosine term in the expression for the thermal moment in
Eq. (29), Eq. (34a) is nonlinear and difficult to solve analyti-
cally. However, Eq. (34a) can be linearized by approximating
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the cosine term based on the assumption that the boom’s slope
is small,

2
cos<0 —'ﬁ> =cosf + % sin ¢
ox ox
Thus the applied load is approximated by
—ElaT* L '
F@)= —aT—e "/TS S Ny (x)e?P’"[cos 0
R T 0 0

+ Ny (x)U(p)sin 6] dp

After the Laplace transform, the transfer function is defined
as

-(L% = % (35a)
where the input G(s) is ‘
~ ElarT*cos GSL Ny’ (x) dx
G(s)= . ; (35b)

The characteristic equation g(s), which determines the stabil-
ity of the solution, is

1 2 2
qs) =583+ <2§'w0 + —>s2 + <w(2, + ﬂ)s + 2
T T T

ElarT*sin 6
+ ———

L
MR L Ny’ (X)Np (x) dx (36)

The transfer function can be nondimensionalized to obtain a

dimensionless characteristic equation to permit an effective:

parameter study. A dimensionless g(s) can be written as

g6) =32 + Q¢+ 052 + (1 + 2005 + (x + k) (372)
where
3=s5/w (37v)
k= 1/wor (37¢)
n = arT*(B/R)sin 8 (37d)
EISL Ny (X)N§ (x) dx
B=—2 % (37¢)

In the last equation, K is the stiffness by Eq. (33c). For a stable
response, the Routh-Hurwitz test requires that

20k + 482 + 2
B G W (38)
K
Equation (38) indicates that the stability of the response be-
comes critical when 7 is equal to the right-hand side of the

equation,

g, = B H AP+ 2 (39)

K

These critical values represent the boundaries between stable
and unstable responses. Thus, for stability, » must be less than
the critical value. Because { and « are positive quantities, 7., is
always positive. However, negative and zero incident angles,
6 < 0 yield » =0, and thus 9 is always less than 5. for these
solar heating orientations. Thus, the stability criterion shows
that negative and zero incident angles always produce stable

responses. However, for >0, the coupled thermal-structural
vibrations may be unstable, i.e., thermal flutter may occur.

Dynamic Response

The dynamic response is obtained by inversion of the
Laplace transform of U(s) given in Eq. (35) to obtain U(¢).
Then approximate solutions for wy(x, ¢) and wy(x, t) are
given by Eq. (30). Finally, the perturbation temperature
T,,(x,t) can be determined by Eq. (28). These steps were
performed numerically and will be described in the next sec-
tion.

Table 1 Hubble Space Telescope
solar array data

Parameter Value
o 0.5
a,, m/m/K 1.692E-5
S0, W/m2 1.350E + 3
o, W/m2-K4 5.670E-8
€ 0.13
¢, J/kg-K 5.020E + 2
0, kg/m? 7.010E + 3
h, m 2.35E-4
k, W/m-K 1.661E + 1
R,m 1.092E-2
E, N/m? 1.930E + 11
EI, N-m? 1.711E + 2
L,m 5.91
osp, kg/m2 1.589
M, kg 1.734
b, m 1.428
b’, m 1.194
A, m? 1.613E-5
P, N 14.75
420
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0 500 1000 1500 2000
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Fig. 5 Boom average teniperature response.
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Fig. 6 Boom perturbation temperature response.
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Numerical Results

The numerical calculations use data (Table 1) for the Hub-
ble Space Telescope solar array that were obtained from Ref.
8. The tube material is stainless steel.

Uncoupled Thermal Analysis

Numerical results for predicted temperatures due to the
suddenly applied heating are presented to assess the assump-
tions made in the analytical development and provide insight
into the thermal response. Figures 5 and 6 present the pre-
dicted average temperature response, Eq. (5), and the pertur-
bation temperature response, Eq. (7), respectively. These fig-
ures show that T,,/7T = 0.03, which supports the assumption
made in the derivation that T,,/T < 1. The perturbation tem-
perature T,, was computed for two different values of 7'in the
equation for 7, Eq. (6b). Although T is assumed to be Ty in
Eq. (6b), Fig. 6 shows that assuming 7 to be T, is also
reasonable. The two curves are similar in shape, and the
predicted values for T,,(¢) are in good agreement.

The average temperature 7" approaches steady-state in ap-
proximately 1500 s. In contrast, the perturbation temperature
nears steady state within 120 s. The perturbation temperature
rises at a much faster rate than the average temperature; hence
a temperature gradient develops in the boom in a relatively
short time after the boom is exposed to solar radiation.

Temperature profiles for the upper one-half of the boom
cross section at various times are shown in Fig. 7. These also
demonstrate the development of the boom thermal gradients.
To provide further validation for the thermal analytical solu-
tion, a finite element analysis of Eq. (1) was also performed.

320
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—
M
—
&
A1 300.
g
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g
Q
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280 . T r : .
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¢ [ degree]
Fig. 7 Boom temperature distributions.
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B
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Temperature [ K ]
o
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Fig. 8 Compal;ison of anaiytical and finite element predicted pertur-
bation temperature distributions at ¢ = 60 s.
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Fig. 9 Variation of modal frequehcies with axial force ratio :P/Pc,.

Figure 8 compares perturbation temperature profiles from the
analytical solution and the finite element solution at # = 60 s. '
The two results are in good agreement, providing further
validation for the approximations made in developing the
analytical solution. This result is significant because the tem-
perature gradient induces boom bending and thus the vibra-
tion of the solar array. The temperature gradient AT across a
boom is 27, or about 20 K (36°F).

Uncoupled Structural Analysis
Boom Buckling

The minimum critical buckling load for a boom was com-
puted using Eq. (12) and the data presented in Table 1. The
critical buckling load is P, = 48.3 N. From Table 1 the nomi-
nal boom force due to the solar blanket tension is P = 14.8 N
or 31% of P,,.

Vibration Modes

The vibration frequencies were computed from Eq. (14) for
various values of P/P,. The variation of the frequencies of
the first three modes with P/P,, is presented in Fig. 9. The
frequencies are not shown for small values of P/P,, since the
frequency equation applies only if there is membrane tension.
The figure shows that the first mode frequency decreases with
increasing axial force and approaches zero as expected when
P/P, = 1. The mode shapes and frequencies for the HST
solar array are displayed in Fig. 10. Note that the frequency of
the first mode is relatively small, f; = 0.0967 Hz.

Quasistatic Response

The quasistatic response of the HST solar array was com-
puted using Eqgs. (18), and the shape of the boom is shown at
various times in the response in Fig. 11. The solar panel
deflection varies linearly with x and is not shown. The qua-
sistatic response develops smoothly with time and approaches
a maximum deflection of w,(L) = —35R in about 120 s as the
temperature gradient approaches steady state. The minus sign
results because the top surfaces of the booms are heated, and
the booms deflect in the negative direction in Fig. 2. Thus due
to a temperature gradient AT = 20 K, the maximum solar
array deflection is predicted to be 35R =0.38 m (15 in.).
Reference 6 predicts a temperature gradient AT = 30 K. The
present analysis underestimates the temperature gradient be-
cause a BISTEM is assumed to be a solid thin-walled tube. In
Ref. 6 a finite difference thermal model was employed, and a
BISTEM was modeled thermally as separate slit tubes with
heat transfer between the tubes represented by a contact resis-
tance.

Dynamic Response

The dynamic response of the HST solar array is shown in
Fig. 12. The figure shows time histories of the boom tip
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Mode 1 0.0967 Hz

Mode 2

0.332 Hz

Fig. 10 First three vibration modes of HST solar array.

deflection for three ratios of P/P.. The responses consist of a
thermally induced undamped oscillation superimposed on the
quasistatic deflection. The responses shown use the first three
modes in the modal analysis. For the ratio of P/P, = 0.31,
the value used in the HST design, the amplitude of the oscilla-
tion is about 2.5R or 0.027 m (1.1 in.). Thus the amplitude of
the thermally induced oscillations predicted by the uncoupled
analysis are relatively small in comparison with the quasistatic
deflections. The higher ratios of P/P,. lower the bending
stiffness and the first mode frequency of the boom and lead to
larger quasistatic deflections and increased vibration ampli-
tudes. Thus, the P/P,, ratio is a critical factor in the thermally
induced dynamic response of the solar arrays.

Coupled Thermal-Structural Analysis

The coupled thermal-structural analysis depends on selec-
tion of the approximating functions N,(x) and N, (x) used in
Eq. (30). With these functions selected, the various integrals
that define parameters such as X, Eq. (33¢c), M, Eq. (33d),
and B, Eq. (37¢), may be evaluated. Several approximating
functions were considered, including the quasistatic deflection
shapes and the eigenfunctions from the uncoupled analysis.
The eigenfunctions for the first mode were selected because
these functions yielded the best approximation for the first
mode frequency wy. For 0.1<P/P,<0.75, the maximum er-
ror in the approximate frequency is less than 1%.

Stability Criterion

Using the stability criterion given in Eq. (38), the stability
boundaries for the coupled thermal-structural response of the
solar arrays are shown in Fig. 13. On the vertical axis of the
figure is the nondimensional parameter » that is a measure of
the thermally induced response since it is proportional to the
coefficient of expansion a7 and the temperature T* [see Eq.
(7b)], and the sine of the angle § that measures the inclination

of the solar vector from the vertical; see Fig. 4. Recall that, for
0 < 0, the response is unconditionally stable. On the horizon-
tal axis is the nondimensional parameter « that is a ratio of the
structural response time to the thermal response time. The
three curves shown for the damping ratios ¢ = 0.01, 0.001, and
0.0001 are the stability boundaries. For a given damping ratio,
designs below a stability boundary are stable, and designs
above a stability boundary are unstable. The figure demon-
strates that damping is a critical factor; increasing damping
corresponds to a larger region of stable vibrations. Another
critical parameter is the response time ratio k. When « = 1, the
stability boundaries are at a minimum. Thus, a thermally
induced vibration of a FRUSA solar array is more prone to be
unstable when its thermal response time equals its structural
response time.

To investigate the effects of boom parameters on the stabil-
ity of the response, five booms that vary in radius and thick-
ness were analyzed. These were selected from stainless steel
BISTEMs manufactured by the Astro Corporation.® Table 2
lists the dimensions of five boom designs. These designs were
selected because their critical buckling loads are larger than
the HST solar blanket tension. Boom 4 is the HST design. The
square symbols shown in Fig. 13 correspond to these designs
for various values of the solar incident angle 6.

Stability of the five designs depends on the solar vector
angle of incidence and the damping ratio. Since the solar
arrays will nominally be facing the sun, the angle § would
typically be small, say <10 deg. Then the stability of the
response is determined by the damping ratio. Under such
conditions, all five designs including the HST are predicted to
be stable for {=0.1% damping. However, for very small
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Fig. 11 Quasistatic deflection response of HST solar array.
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Fig. 12 Uncoupled deflection histories for HST solar array.
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Table 2 Stainless steel booms

Boom R, m h, m
1 3.962E — 2 6.323E - 4
2 2.540E —2  4.528E -4
3 1.702E — 2 3.379E — 4
4 (HST) 1.092E -2  2.351E —4
5 9.525E -3 1.811F -4
i
|
&
.k
4
3 Stable
0,000+ TP TP T T —— T
0.0001 0.001 0.01 01 1 10
1
Y
Fig. 13 Stability boundaries for HST solar array.
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Fig. 14 Stable boom deflection history for HST solar array from
coupled thermal-structural analysis.
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Fig. 15 Unitable boom deflection history for HST solar array from
coupled thermal-structural analysis.

damping, say {=0.01%, the HST design and design 5 are
predicted to be unstable.

The analysis thus raises questions about the stability of
thermally induced oscillations of the HST solar arrays. The
analysis suggests the possibility of unstable oscillations, but a
definitive conclusion cannot be reached without further
knowledge of the in-orbit solar vector incident angle and the
damping ratio.

Dynamic Response

The coupled dynamic response can be determined from the
inverse Laplace transform of U(s) in Eq. (35). To demonstrate
the coupled thermal-structural responses, computations were
performed for stable and unstable cases. Figure 14 presents a
stable response for the HST solar array for a solar incident
angle 6 = 5 deg and relatively high damping of { = 1%. The
oscillation about the quasistatic deflection decays rapidly and
oscillations would be negligible after about 6 min. In contrast,
Fig. 15 presents an unstable response for the HST solar array
for an incident angle 6 = 80 deg and relatively small damping
of { = 0.01%. The stability analysis (see Fig. 13) predicts this
case to be unstable, and indeed this is evident in the growing
oscillations demonstrated in the dynamic response. Note that,
because of the large incident angle, only a small component of
the solar flux is absorbed by the boom, which results in the

_ relatively small magnitude of the total response shown in Fig. 15.

. The mechanism that causes the unstable oscillation is the-
time-dependent character of the incident normal heat flux.
The time-varying angle between the incident solar vector and
a normal to the beam surface determines the amount of flux
absorbed by the beam. For 6>0, when the beam deforms
toward the solar vector, the incident angle is reduced and more
flux is absorbed. When the beam deforms away from the solar
vector, the incident angle is increased and less flux is ab-
sorbed. This time-varying flux induces an oscillating tempera-
ture gradient that serves as a dynamic forcing function. The
time-varying temperature gradient for the unstable oscillation
is.shown in Fig. 16. Although the amplitude of the tempera-
ture oscillation is small, it is increasing with time and coupled
to the unstable displacement response of the boom.

The stability analysis showed that the HST solar array will
experience unstable oscillation for 8 =5 deg and {=0.01%
damping. The dynamic response was predicted for.these con-
ditions and is shown in Fig. 17. Although the analysis predicts
the response to be unstable, amplitude growth after 400 s is
not discernable. In fact, the response was computed for
greater than 4000 s (not shown), and the increase in vibration
amplitudes was insignificant. The result shows for this solar

“inclination that unstable oscillations for the HST solar array

are not of practical importance.
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Fig. 16 Unstable perturbation témperature history for HST solar
array from coupled thermal-structural analysis.
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Fig. 17 Boom deflection history for HST solar array from éoupled
thermal-structural analysis.

Concluding Remarks

An analytical approach is developed for determining the
thermal-structural response of a flexible rolled-up solar array
due to a sudden increase in external heating. Two analyses are
presented: 1) an uncoupled thermal-structural analysis that
assumes the heating and temperature gradients are not af-
fected by the thermally induced motions, and 2) a coupled
thermal-structural analysis that includes the effects of struc-
tural deformations on heating and temperature gradients. In
the first approach, the governing differential equations are
solved analytically, and the dynamic response are determined
by modal analysis. Equations are developed for the prediction
of boom-buckling modes, solar array frequencies and mode
shapes, thermally induced quasistatic deflections, and ther-
mally induced vibrations. In the second approach, an approx-
imate solution for the coupled thermal-structural response is
obtained using the method of weighted residuals. A stability
criterion and the dynamic response are obtained by Laplace
transforms. A stability criterion given in nondimensional
parameters establishes the conditions for which thermal flutter
of the solar array may occur.

Numerical calculations are presented for the solar array
design used on the Hubble Space Telescope. Thermally in-
duced motions are caused by temperature gradients across the
BISTEM booms. The analytical approach predicted a maxi-
mum temperature gradient of 20 K (36°F) that develops in
about 120 s. Because of the temperature gradient, the 5.91 m
(19.4 ft) booms experience a quasistatic tip deflection of about
0.38 m (15 in.). The uncoupled dynamic response predicted a
thermally induced vibration at the first mode frequency of
0.097 Hz with an amplitude of 0.027 m (1 in.). The total
dynamic response predicted is the sum of the quasistatic de-
flection and the superimposed thermally induced vibration.
This response is fully developed after about 120 s.

Numerical calculations with the thermal flutter stability
criterion raised questions about the stability of the thermally
induced oscillations. The possibility of unstable oscillations

was shown to exist and be strongly dependent on the inclina-
tion angle of the solar vector and system damping. For a solar
vector-inclination angle # = 5 deg, unstable oscillations could
occur only for very small damping, say less than 0.01% equiv-
alent viscous damping. Under these conditions, dynamic re-
sponse calculations showed that the amplitude of the oscilla-
tions grows very slowly and are unlikely to have practical
importance. , - S
The analytical methods provide insight into the thermally
induced behavior of a flexible rolled-up solar array and iden-
tify key parameters that are important for understanding the
static and dynamic response. Such parameters include the
thermal and surface properties of the boom material that
determine the magnitude of the boom temperature gradient
and the thermal response time. Significant structural parame-
ters include the boom stiffness and thermal expansion coeffi-
cient that relate to the quasistatic deflection. Important also in
the design is the boom compressive force that lowers the first
mode natural frequency and affects the structural response
time. Key parameters in determining the possibility of thermal
flutter include the ratio of the thermal and structural response
times, the solar inclination angle, and the system damping.
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